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Robust Aeroservoelastic Design with Structural
Variations and Modeling Uncertainties
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Technion—Israel Institute of Technology, 32000 Haifa, Israel

An aeroservoelastic analysis procedure has been integrated with structural optimization and robust-control
design tools. The multidisciplinary analysis and design process can address structural constraints, performance,
and robust aeroservoelastic stability requirements simultaneously. The design process is expanded to account for
structural variationsand modelinguncertainties utilizinga reduced-order state-space model of the aeroelastic plant
that is advantageous for ef� cient low-order controller design. Reduced-order modeling introduces unstructured
modelingerrors. Structuralmassvariations,such as thoseassociatedwith a wide rangeof changeableexternal stores
of a � ghter aircraft, are also interpreted as model uncertainties. The models are expressed in a form compatible
with standard robust control design procedures such as the ¹ synthesis and analysis technique incorporated in this
study. The robust control system can then be included in an optimizationprocess where more elaborate aeroelastic
models are used for tuning selected structural variables and control gains for minimizing speci� c design objectives
under stability, performance, and structural integrity requirements. To provide enhanced physical insight, the
¹ analysis procedure is supplemented by a technique for computing stability boundaries in multidimensional
parametric uncertainty spaces that is based on the classical single-input/single-output gain-margin approach. The
integrated design procedure is demonstrated with a realistic model of a � ghter aircraft with four wing control
surfaces and a wing-tip missile with variable inertial properties.

Introduction

A EROSERVOELASTICITY (ASE) deals with the interaction
of aircraft structural, aerodynamic, and control systems. The

interaction affects the aircraft performance, static and dynamic sta-
bility characteristics, structural integrity, handling qualities, devel-
opmentrisks,and growthpotential.The increasingdemandfor high-
performanceairplanesat affordablecost motivated the development
of automated analysis and design schemes that can deal with all of
the aeroservoelasticdesign requirementsin an integratedmanner.1;2

The main aeroservoelasticissues considered in these software tools
are static and dynamicdesign loads, associatedstress and strain lev-
els, aerodynamic stability derivatives, vibration levels, aeroelastic
stability (divergence and � utter), control stability robustness, and
continuous gust response.

Classical frequency-domain� utter analysismethodsare basedon
modal representation of the structure and the associated transcen-
dental unsteadyaerodynamicgeneralized force coef� cient matrices
calculated for selected frequency values. Some control system ef-
fects can be accommodatedby the frequency-domainapproach, but
the application of modern control design techniques requires the
aeroservoelasticequationsof motion to be cast in a � rst-order, time-
domain (state-space) form. This representation requires the aero-
dynamic matrices to be approximated by rational functions in the
complex Laplace domain. The minimum-state method3;4 provides
rational approximationexpressionsand yields state-spaceaeroelas-
tic models with a minimal number of aerodynamic lag states per
desired accuracy. These aeroelastic state-space models can be aug-
mented by a control system model for aeroservoelasticstudies with
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� utter, control stability margins, dynamic response,and continuous
gust considerations.2

The formulationofRef. 2 was utilizedin anASE softwaremodule
that was designed to interconnectwith other software packages for
multidisciplinary design schemes.5 The interconnections between
the ASE module and other structural and control design tools are
shown in Fig. 1. The ASE module reads the modal database gener-
ated by a standard � nite element code and constructs the open-loop
aeroelastic equations of motion in a linear state-space form. The
other functions executed by the ASE module depend on the user-
de� ned mission. The options include data generation for controller
design using an external control synthesis tool, ASE analysis,sensi-
tivity analysis, and data export for structuraloptimization.The ASE
modulewas integrated in the ASTROS6 structuraloptimizationsys-
tem and was included in the ZAERO aeroelastic code.7

The data exported by the ASE module for control synthesis may
include full- or reduced-order aeroelastic state-space model matri-
ces, their variations or sensitivities with respect to structural uncer-
tainties, and ASE-related design constraints. When ASE analysis
is requested, the aeroelastic state-spaceequations are augmented in
the ASE module to include the control system. A general and � exi-
ble control system architecture is implemented in the ASE module5

that is able to model any linear multi-input/multi-output (MIMO)
controller. The module can be used to calculate open- and closed-
loop � utter parametersand controlmargins associatedwith the user-
de� ned control architecture and continuous gust response in statis-
tical terms. These parameters and their analytical derivatives with
respectto the designvariables2 can then be used by the structuralop-
timization code as design constraints and sensitivities. In addition
to structural design parameters, the design variables may include
the control system parameters de� ned as variable gains in the con-
troller formulation, as discussed and demonstrated in the numerical
examples in Refs. 5 and 8.

Aeroservoelastic interaction affects almost all of the structural
and control design constraints. However, it is not necessary to in-
cludeall of the constraintsin the two design schemes.Stress allevia-
tion requirements,for example, can be representedin the controlde-
sign by limiting the wing-root bendingmoments in gust responseor
static maneuvers. Maneuvering performance and control authority
requirements,on the other hand, can be represented in the structural
design by assigningaeroelastic effectivenessconstraints, as done in

946



KARPEL, MOULIN, AND IDAN 947

Fig. 1 Aeroservoelastic interconnections.

Ref. 5. Highly coupled issues such as � utter should be addressed in
both schemes.

The new ASE procedures provide explicit expressions for all of
theaeroservoelasticstability,response,andperformancedesigncon-
straints that can be adequately treated by linear models and their
sensitivities to structural variables and control gains.2 Because it is
based on ef� cient reduced-size state-space models, the new ASE
module is instrumental in robust-designprocedures that require nu-
merous repeated analyses with various design parameters and/or
ef� cient perturbation models. A very promising approach within
the ASE process is the application of new robust-control synthe-
sis and analysis techniques, such as the structured singular value ¹
analysis and synthesis methods available as commercial software.9

The fundamentals of robust ASE stability analysis are discussed in
Ref. 10.

The study presented in this paper extends previous tools
and methods derived to address emerging challenges of robust-
aeroservoelastic-design methodologiesand software modules in re-
alistic design processes that involve structural uncertainties and
robust-control requirements with strong aeroservoelastic coupling
effects. It extends the procedures described in Ref. 5 that dealt
mainly with the process of exporting plant models from the struc-
tural optimization process (using ASTROS) for classical design of
low-ordercontrol system (usingMATLAB®) and then importingthe
controlmodel for � nal tuningof the structuraland controlvariables.
This line of research was further elaborated in Ref. 8, which fo-
cused on robust-MIMO aeroservoelastic-control design with struc-
tural uncertainties and performance requirements, using the ¹ syn-
thesis and analysis approach, and the tradeoff between structural
weight and control robustness. The current study expands the pre-
vious ones in the following directions: 1) Structured singular value
analysis and design techniques are supplemented by a numerically
robustprocedurefor direct computationof multidimensionalstabil-
ity boundaries, useful in guiding the multidisciplinary design pro-
cess. 2) Structural variations are introduced as model perturbations
in conjunction with state residualization to reduce the size of the
control-design model. 3) The uncertainties introduced by the state
residualizationare included in the control design process, together
with structuralvariationsand performancerequirements.4) The de-
sign process is completed by a � nal tuning of selected structural
and control variables using ASTROS. These theoretical results and
numerical applications are described herein.

Aeroelastic Model
State-Space Equations of Motion

The ASE formulation in this paper follows the state-space for-
mulation of Refs. 2, 5, and 8. The time-domain ASE models for
stability and response analysis are constructed from the separate
models of the aeroelastic plant and the control system expressed in
a state-spaceform. The control system includes the control surfaces
driven by actuators, sensors related to the structuraldegreesof free-
dom, and a linear MIMO control law that relates the actuator inputs
to the sensor signals.

The formulation of the aeroelastic equationsof motion in a state-
space form is based both on expressing the structural displacement
vector as a linear combination of a low-frequency set of normal
modes and on expressing the generalized aerodynamic force co-
ef� cient matrices as rational functions of the Laplace variable (see
Ref. 4). The open-loopASE model is a result of the augmentationof
the aeroelasticmodeland the state-spacerealizationof the actuators,
which leads to the plant equations

f Px pg D [Ap ]fxpg C [Bp]fu pg (1a)

fypg D [C p]fx pg (1b)

where fu pg is the vector of actuator inputs and fypg is the vector
of sensor signals. The vector of the plant states fxpg includes the
vectors of nh generalized displacements f» g and nh generalizedve-
locities f P» g, na aerodynamic lag states fxag, and 3nc actuator states
fxacg that comprisethedisplacementsf±cg, velocitiesf P±cg, and accel-
erationsfR±cg ofnc control surfaces.Third-orderactuatordynamics is
assumed. Higher-order actuator dynamics and the sensor dynamics
can be included as parts of the control system.

Equations (1) can be expressed explicitly according to the com-
ponents f» g, f P» g, and fxnsg of the state vector fxpg as8
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where fxnsg includes the nonstructural states fxag and fxacg. The
generalized mass matrix on the left-hand side of Eq. (2a) is

[ NMhh ] D [Mhh ] C .qb2=V 2/
£
Ahh2

¤
(3)

where [Mhh] is the structural generalized mass matrix, q is the dy-
namic pressure, V is the true air speed, b is the reference semicord,
and [Ahh2 ] is the apparentmass termof the aerodynamicapproxima-
tion expression.The [Ai j ] and [Ci ] matrices in Eqs. (2) are functions
of the structuremodal propertiesand the other aerodynamicapprox-
imation terms, as detailed in Ref. 8.

Model Size Reduction

For ef� cient synthesis and analysis of control systems for the
aeroservoelasticplant, reduced-orderASE models are highly desir-
able. It is especially important when modern multivariable robust-
control design techniques are employed where the resulting order
of the dynamic controller is usually higher than the order of the
ASE plant. Hence, using reduced-orderASE models will generally
result in lower-order controllers and may contribute to simpli� ed
controller synthesis and analysis procedures, in particular when it-
erative control design techniques such as ¹ synthesis are applied.

Model-orderreductionis achievedbyeliminatingstructuralstates
that have a negligible effect on the model dynamics. Model-order
reductiontechniquesbased on residualizationof the structuralstates
are discussed in Ref. 11. The static residualization technique is ap-
plied in the current work to the aeroelastic system equations of
motion before engaging in the controller design.

Model reduction starts by partitioning the structural states into
two sets: the retained states fxr g that contain the f»r g, fP»r g, fxag, and
fxacg substatevectors and the eliminated states fxeg that contain f»eg
and f P»eg. The plant Eqs. (2) are restated as
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fyg D [Cr Ce]
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The static residualizationassumptions are that only the effects of
the f»eg states in fxeg are important whereas the effects of f P»eg and
f R»eg are negligible.With these assumptions, the residualizedmodel
becomes

[ QZ ]f Pxr g D [ QA]fxr g C [ QB]fug (5a)

fyg D [ QC ]fxr g (5b)

where
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Uncertainty Models
Parameter Uncertainty

Modeling parametric variations or uncertainties of the ASE sys-
tem is based on its sensitivitydata and linear fractional transforma-
tion (LFT) tools.12¡14 The procedurepresented in Ref. 8 can handle
a variety of model uncertainties including variations in the stiffness
and inertial properties, uncertainties in the aerodynamic data, and
more. As an example, Moulin et al.8 presented the modeling proce-
dures to addressvariationsin the total mass, moments of inertia, and
centerof gravity locationof lumpedinertiaelements.LFT toolswere
used to representthese system variationsas structureduncertainties.
The uncertainty block introduced additional feedback paths in the
ASE plant model that was based on 20 structural modes, namely,
40 structural states. In the present study, this technique is further
expanded to facilitate state residualization that yields a signi� cant
reduction in the number of structural states.

With the � xed-basismodalapproach,where the baselinevibration
modes are used as a � xed set of generalized coordinates, inertial
changesare re� ected in the model through the perturbation[1Mhh ]
of the inertial matrix of Eq. (3) from its nominal value. The LFT
expressions developed in Ref. 8 are applicable to the residualized
system as well, with some modi� cations, which are given in this
section.

The � rst step in modeling the inertial uncertainties for the resid-
ualized model of Eqs. (5) and (6) is to express the deviation of
[ NM ¤

rr ] in Eq. (7a) from its nominal values using the LFT structure.
The perturbed matrix [ QM ¤

rr ] for a linear uncertainty in the mass
or the moment of inertia of the lumped structural elements can be
expressed as
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where ± 2 [¡1; 1] is the normalized uncertainty and
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where [Ágr ] and [Áge] are the retained and the eliminated normal
modes, respectively, [Mgg] is the global � nite element mass matrix,
Nm is a reference mass (or moment of inertia) value associated with
the perturbed part of the structure, and k is its maximal relative
perturbation, that is, ¡k Nm · 1m · k Nm. Static aeroelastic stability
of the system guarantees [A21;ee] is invertible.

The dependence of the modal mass matrix on variations or un-
certainty in the centers of gravity of the lumped mass elements is
quadratic:
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The sensitivities [DM .i /
rr ] and [DM .i/

er ] are de� ned in Ref. 8 accord-
ing to the center of gravity offsets.

Equations (8) and (10) can be cast in a lower LFT form
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where, for the linear dependence [Eq. (8)],

M D

"
NM¤

rr DM¤
rr

Ir 0

#
; 1 D [Ir ]± (13)

and for the quadratic dependence [Eq. (10)],
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For any number of parametric uncertainties in the ASE system,
the perturbed matrix [ QM ¤

rr ] is constructedas a sum of LFTs that can
also be cast as an LFT. When the methodologydeveloped in Ref. 8
is used, the equation of motion for the residualized perturbed plant
can be obtained. The expressions for the residualized model are
similar to those of the full-size one, except that the output equation
becomes more complicated due to the in� uence of the inertia of
the eliminated modes on the remaining ones. Full details of this
model derivation can be found in Ref. 15. The resulting model of
the uncertain residualized ASE plant is given by

f Pxr g D [Ar ]fxr g C [ QB1]fu±g C [Br ]fu pg (15a)

fy±g D [ QC1]fxr g C [ QD11]fu±g (15b)

fyr g D [ QC]fxr g C [ QD21]fu±g (15c)

where [Ar ] D [ QZ ]¡1[ QA] and [Br ] D [ QZ ]¡1[ QB].
In these equations, the system uncertainty is expressed by con-

necting the augmented inputs fu±g to the augmented outputs fy±g
through the overall uncertainty block 1 that combines all of the
possible physical variations and model uncertainties. In the nomi-
nal design case, the augmented inputs and outputs are zero. When
[ QB1] D 0 and [ QD21] D 0 are set, Eqs. (15a) and (15c) revert back to
the reduced-orderASE model of Eqs. (5).

As discussed in Ref. 15, the dependence of [C¤
3 ] in Eq. (6c)

on the modal mass matrix [see Eq. (7c)] increases the dimension
of the uncertaintyblock four times. For accelerationmeasurements,
the uncertainty model is even more complex. Therefore, one could
considerignoringthe third term of the last row ofEq. (7c) to simplify
the modeling of the uncertain system and the subsequent design.
The implicationsof this simpli� cation on the system robustness are
typically negligible, as implied by the good results obtained in the
subsequent numerical example.
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Unmodeled Dynamics

The residualizedASE model used in control design is instrumen-
tal in constructing a low-order controller and is central in simpli-
fying the design process. However, the residualizationprocess may
introduce dynamic differencesbetween the full- and reduced-order
ASE models that may cause unfavorableinteractionbetween the re-
sulting control system and the unmodeledhigh-frequencystructural
dynamics.

The control system designed using the residualized model is
tested using the full-state ASE equations that best approximate the
actualreal-worldoperationmode. In most of thecases, the frequency
content of the residualization errors are beyond the closed-loop
bandwidth of the controlledASE plant, leading to similar responses
of the reduced- and full-order closed-loop systems. However, in
some cases, the difference between the residualized and full-order
systems is signi� cant enough to cause degraded performance of
the full closed-loopsystem and even instability.That spillover-type
behavior is caused by the excitation of the neglected, mostly high-
frequency, modes of the full-order model, not accounted for in the
design using the reduced-ordersystem.

To address this phenomenon, it is proposed to incorporate high-
frequencyuncertaintycomponents in the reduced-ordermodel. The
goal of introducing these unstructured, frequency-dependent un-
certainties is to capture the dynamic characteristics of model re-
duction errors by using low-order rational transfer matrices. Low-
orderuncertaintymodels are desirablehere to ensure that the overall
residualized system with uncertainties is still of a lower order than
the full-order system, making the residualization process bene� -
cial. The unstructureduncertaintiescan be constructedby � tting the
residualization error with rational transfer matrices, using, for ex-
ample, standard least-squares techniques.16 The robust controllers
designed with these uncertainties will account for the residualiza-
tion errors, ultimately avoiding the excitation of the related high-
frequency modes of the full-order system.

Stability Boundaries of Uncertain Systems
The aeroservoelastic stability boundaries are usually de� ned by

the � ight-envelopepoints(velocityand altitude)at which the system
becomes unstable. When some structural, aerodynamic, or control
parameters are uncertain, stability boundaries can be de� ned for a
given� ightconditionwithin the � ightenvelopebymultidimensional
surfaces of the uncertain variables on which the system is neutrally
stable.Even thoughrobustnessanalysisanddesigncanbeperformed
without actually � nding these stability boundaries, they are often
desired to gain physical understandingand de� ne limits for design
tasks in the various disciplines.

The uncertainty models of the preceding sections can be used
to � nd the stability boundaries of either the open-loop aeroelas-
tic system of Eqs. (15) or the closed-loop aeroservoelastic system
obtained after the control system augmentation8;15 when both sys-
tems include the uncertainty-related inputs fu±g and outputs fy±g.
Nominal open-loopstability is determinedby the eigenvaluesof the
matrix [Ar ] in Eq. (15a). To determine the open-loop stability of a
perturbed system, the uncertainty-related input to output loops in
Eqs. (15) must be closed with a particular uncertainty block [1],
and the eigenvalues of the resulting perturbed system matrix

£
Apert

r

¤
D [Ar ] C [ QB1][1].[I ] ¡ [ QD11][1]/¡1[ QC1] (16)

must be computed.
Closed-loop stability can be determined from the open-loop

nominal or perturbed system models using either classical single-
input/single-output (SISO) or modern MIMO techniques. For this
analysis, the appropriateaeroelasticmodel is augmented with a lin-
ear dynamic MIMO controller.This controller is structured accord-
ing to thegeneralarchitectureofRef. 5 andcomprises� xed,possibly
dynamic components and variable gains. These variable gains are
used in the stability margin evaluations and are usually subject to
multidisciplinaryoptimization.

The classicalclosed-loopstabilityanalysisis basedon SISO gain-
andphase-marginevaluation.In its standardform, the SISO stability

margins determine the allowable complex perturbationsin the gains
of a static controller fug D [G]fyg. In the ASE context, the matrix
[G] will includeonly the variable controllergains. Evaluationof the
SISO stability margins for the G i j element of [G] is based on the
one-loop-at-a-time approach. The loop connecting the j th output
y j to the i th input u i of the closed-loop system is opened, and the
SISO transfer function between the resulting open points is multi-
plied by the nominal value of G i j . The resulting open-closed loop
system is then subject to standard SISO stability margin analysis.
Expressions for direct calculations of the gain and phase margins
and their derivativeswith respect to structuraland control-gainvari-
ables are given in Ref. 5. In particular,the upper (lower) gain margin
indicates the lowest relative increase (decrease) in the loop gain G i j

for which the closed-loop system becomes unstable (with all other
loops closed).

The classicalgain-marginanalysiscan also be applied for � nding
the stabilityboundarieswith respect to a set of real uncertainparam-
eters. For the sake of simplicity, the case of three such parameters
is considered.Although the proposed analysis can be similarly car-
ried out for a larger number of parameters with geometric growth
in number of calculations,the main goals of presenting the stability
boundaries are physical insight and design guidelines. Hypersur-
faces of higherdimensionsare not practicalunless decomposedinto
families of two-dimensional curves or three-dimensional surfaces.
To determine the stability boundaries, the three uncertain parame-
ters, ±1; ±2, and ±3 are interpreted as real feedback gains, and the
respective gain margins are computed in a standard manner. The
stabilityboundary in three-dimensionalspace can be determinedby
generating a grid for two of its coordinates, for example, ±2 and
±3 , and then computing the SISO gain margin with respect to ±1

for each grid point in the ±2–±3 plane, where the uncertainty loops
of ±2 and ±3 are closed with the respective grid-point values. The
collection of all of these gain margins de� ne the stability boundary
in a three-dimensionalcube of allowable fj±i j · 1; i D 1; 2; 3g vari-
ations. The cross-overfrequenciesassociatedwith the gain margins
can indicate the nature of the instability (� utter) mechanism.

The modernMIMO approachfor robust stabilityanalysis is based
ona the small gain theorem(seeRef. 17, pp.271–300) that addresses
the stability of a homogeneous feedback system de� ned by a stable
transfermatrix [M . j!/] and a feedbackuncertaintymatrix [1. j!/]
of appropriatedimension. In its simplest form, the small gain theo-
rem states that the feedback system is stable for any stable [1. j!/]
satisfying the condition

k1k1 < 1=kMk1 (17)

where kMk1
1D sup! N¾ [M. j!/] and N¾ [M . j!/] is the largest sin-

gular value of [M. j!/]. This theorem establishesthe necessaryand
suf� cient conditions for robust stability of systems with unstruc-
tured uncertainties, where the complex elements of [1. j!/] are
fully populated and are assumed to vary independently. However,
uncertaintiesof systems such as the ASE plant often are structured,
involving typically a number of real physical parameters such as
the case of mass and inertia uncertaintiesdiscussedearlier. For such
systems, the inequality (17) generally provides only suf� cient con-
ditions for robust stability and, thus, may be too conservative as a
robust stability design constraint.

Robustness analysis of systems with structured uncertainty is
based on the computation of the structured singular value ¹, de-
� ned by12;17

¹1[M. j!/]
1D 1

minf N¾ .1/ : 1 2 ¢; det[I ¡ M. j!/1] D 0g
(18)

where ¢ is the set of possible structureduncertainties.If no 1 2 ¢
makes I ¡ M. j!/1 singular, ¹1 [M . j!/] D 0. To determine the
robust stability of a systems with structureduncertainties, the max-
imum value of ¹ over the entire frequency range ! 2 [0; 1] must
be computed. If this maximum value is less than unity, the system
is stable for all 1 2 ¢ and k1k1 < 1.

In most cases of structured uncertainties, there is no analytical
expressions for computing ¹. The available numerical algorithms
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calculateupper and lower boundsof ¹ that are expected to converge
toward each other.9 Often, however, these bounds do not converge,
especially for systems involvingpure-realparametricuncertainties,
as is the case in ASE systems without the model residualization
uncertainty block. The upper bound of ¹ in such cases might be
too conservative for practical design. Calculating the maximal ¹
involves an additional numerical search over frequency. The SISO
gain-margin approach described earlier may offer a practical alter-
native for computingthe peak ¹ valueand the associatedworst-case
perturbations(uncertainties)for cases of few (up to three) uncertain
parameters.

To determine the peak ¹ value for real uncertainties, the
maximum-volume hypercubethat only touches the stability bound-
ary hypersurfaceat one or more points but does not intersect it must
be found. The peak ¹ value is twice the reciprocal of the cube’s
vertex length. The coordinatesof the common point(s) of the hyper-
cube and the stability boundary de� ne the worst-caseperturbations,
whereas the gain-marginfrequencyof that point on the stability hy-
persurface determines the frequency of the peak ¹ value. A simple
numerical search procedure is used to construct this cube in a three-
dimensional case for a sample aircraft design case presented in the
following section.

Aeroservoelastic Design Example
Baseline Aeroelastic System

The numerical design example is based on the aeroelastic model
of a generic advanced � ghter aluminum (AFA) aircraft. The � nite
element ASTROS model of AFA has an all movable horizontal
tail and four control surfaces on each wing. The aircraft structural
model is shown in Fig. 2. The skin of the wing torsion box is subject
to structural optimization. The structural design variables are the
thicknessof the upper and lower aluminum skins at 13 design zones
of the wing torsion box, as shown in Fig. 3, leading to a total of
26 structural design variables. More details on this model can be
foundin Refs. 18 and19, where themodel is optimizedforminimum
weight, with only stress and static aeroelastic constraints.

The model used to compute the doublet-latticeunsteady aerody-
namics of AFA is presented in Ref. 8. The model consists of nine
aerodynamicpanels representingthe fuselage,inboardand outboard
parts of thewing, fourcontrolsurfaces,a tip missile,and a horizontal
tail.

An aircraft baseline structure was created using the optimization
methodology presented in Ref. 8. The baseline values of the struc-
tural design variables were obtained by an optimization process
with stress and open-loop � utter constraints using the modal-based
ASTROS versionofRef. 19.The � utterconstraintsrequiredstability
of the ASE system for 10 air velocityvalues of up to V D 1105:2 ft/s
(design velocity plus 10%). For the sake of clarity and simplicity,
� utter analysis was performed only with antisymmetric boundary
conditions at Mach 0.9. There were 13 reduced-frequency values
between 0.0 and 0.29 used to generate the aerodynamic database.
The stress constraints of Ref. 8 were alleviated to obtain a design

Fig. 2 AFA structural model.

Fig. 3 AFA wing structural model with design zones.

Fig. 4 Singularvalueplots for the full andresidualizedopen-loopbase-
line ASE models.

case with a signi� cant control–structure interaction. The resulting
wing-box skin became about 30% lighter than that of Ref. 8, which
reducedthe wing torsionalstiffnessandconsequentlythe aeroelastic
effectiveness of the trailing-edge control surfaces. To compensate
for the reduction in control effectiveness,all four wing control sur-
faces were used in the current work for roll maneuvers.

A state-space plant model for subsequent control analysis was
constructedat V D 1105:2 ft/s with 40 structuralstates that represent
20 low-frequencymodes including1 rigid-bodyroll mode, 10 aero-
dynamic states, and 12 actuator states that represent the 4 wing
control-surfaceactuators.A total of 62 states were used. The inputs
to the ASE plantwere the four actuatorscommands.The only output
was the roll rate at the fuselage centerline.

To facilitate a robust design with respect to a variety of tip mis-
siles, relatively large variationsof the tip-missile inertial properties
were de� ned as parametric uncertainties.No changes in the missile
aerodynamic and elastic properties were allowed. The uncertain-
ties of the tip missile mass and the moment of inertia about its c.g.
were assumed to be §30% of their nominal values, whereas the
uncertainty of the tip-missile c.g. was set to §0.83 ft. A reduced-
order baselineASE model was obtained via static residualizationof
12 structural modes (modes number 4 and 10–20). Singular value
plots of the full- (20 modes, 62 states) and reduced-order(8 modes,
38 states) plant models are shown in Fig. 4, which demonstrates
good approximation accuracy in the low-frequency range and sig-
ni� cant high-frequencyresidualizationerrors.
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Fig. 5 Stability boundary of the open-loop baseline ASE system.

Fig. 6 Structured singular value of the open-loop ASE systems.

The open-loop stability boundary of the full-order aeroelastic
model, calculated by the SISO gain-margin technique described
earlier, is plotted inside the normalized uncertainty cube in Fig. 5.
The region of instabilityof the perturbedsystem is above the stabil-
ity boundary.A smaller cube, which has one common pointwith the
stability boundary, is also shown. This cube, the vertex of which is
1.42 long, de� nes the peak real ¹ value as ¹peak D 2=1:42 D 1:4085.
The point of contact between the cube and the stability surface de-
� nes the � utter parameters. On the stability surface, the frequency
associated with the touching point speci� es the frequency where
¹peak occurs, that is, the � utter frequency, which in this case is
!peak D 30:42 rad/s. The coordinates of the touching point deter-
mine the worst-case perturbation, [±1 ±2 ±3] D [0:71 0:40 0:71],
namely, 21% increase in the wing-tip missile mass, 12% increase in
its pitch moment of inertia, and 0.059-ft backward shift of its c.g.
The stability boundary obtained for the reduced-order model was
practically identical to that of the full-order model.

The ¹ upper-bound plot created for the baseline model using
¹ tools9 of MATLAB is shown in Fig. 6 together with that of the
modi� ed model that will be discussed later. The upper-bound¹peak

value is 1.7629, considerably larger than the exact value of 1.4085
computed earlier, whereas the frequencies associated with the two
¹peak values are similar. This implies that ¹ tools compute a con-
servative bound of the MIMO stability margin guaranteeing robust

Fig. 7 Robust-control design interconnection model.

stability in a cube with a vertex length of 2=¹peak D 1:1345,which is
20% smaller relative to the actual bound. In addition to being more
accurate,the stabilityboundaryplotofFig. 5 clearlyindicatesthat tip
stores with higher mass and/or more rearward c.g. locations relative
to those of the nominal store location cause reduction of the � utter
margins. When the relatively large mass perturbations in the given
example are considered,Fig. 5 provides important physical insight.

Robust Controller Design

A general interconnectionmodel used for a robust controller de-
sign for the ASE plant is presentedin Fig. 7. It incorporatesthe plant
dynamics model of Eqs. (15) with its uncertainties, performance
speci� cation functions, and design constraints.The plant model in-
cludes the uncertaintyinputs fu±g and outputs fy±g. The (structured)
uncertaintymatrix 1 is diagonal with nu elements ¡1 · ±i · 1 that
represent the normalized physical uncertainties. When connected
through 1, the modi� ed plant model represents the allowable per-
turbation of the original system around the nominal design point.
The unstructured residualization uncertainty of the reduced-order
model is representedby the weighting function Wuns and a complex
scalar 1uns. The performance and design constraints are speci� ed
using the various weighting functions W.¢/. The synthesis results in
a dynamic controller K .s/.

In the currentexample,a lateral, robust control system is designed
for the AFA example with the goal of providingcategory A military
standard (MIL-STD) roll performance,20 namely, roll of 90 deg in
1.4 s, 180 deg in 2.3 s, and 360 deg in 4.1 s. A detailed description
of a robust controller design, with application to roll control of a
� ghter aircraft with uncertainties of the inertial properties of its tip
missile, is given in Ref. 8. The current application defers from the
former by reduced torsional stiffness of the structure and by using
all four wing control surfaces for maneuvering,which leads to more
challenging design speci� cations.

The main design goal is to provide robust aeroservoelasticstabil-
ity and user-de� ned roll-rateperformanceof theaircraft.Acceptable
roll performance is de� ned by a reference transfer function

Wref.s/ D 2:076
.0:2s C 1/.0:27s C 1/

(19)

which describes a desired reference roll-rate response to the pilot
roll command,andanerror transferfunctionWe.s/ D 5=.0:08s C 1/,
which speci� es the allowabledeviationfrom the referenceresponse.
The transfer functions chosen for Wref.s/ and We.s/ guaranty com-
pliancewith theMIL-STD requirements20 mentionedearlier.The in-
put function Win.s/ D .0:01s C 1/=.0:2s C 1/ speci� es the intensity
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Fig. 8 Unstructured uncertainty: � rst input to output residualization
modeling error.

and bandlimit of the pilot command, which is typically set to 1 Hz
based on common pilot response characteristics.

The inputs to the controller are the measured pilot commands
and the measured aircraft roll rate. Both signals are assumed to be
contaminated with additive white measurement noise with power
spectral densitiesspeci� ed by the constants Wd and Wn , which were
set to typical values of 2 £ 10¡3 in appropriate units. Roll maneu-
vers are performed by antisymmetric de� ection of the four wing
control surfaces. These de� ections are limited by setting the actu-
ator weighting function Wu to the reciprocal of a realistic motion
limit of 10 deg for the leading-edge ailerons and of 13 deg for the
trailing-edgeailerons.

The controllerdesignsfor the full-orderand for the reduced-order
models were performed without the unstructured uncertainty Wuns.
The controller obtained using the reduced-order model caused in-
stability when applied to the full-order plant model. This implies
that the residualizationprocess entaileda signi� cant modeling error
that has to be addressed (modeled) before a controller is designed.
Consequently only reduced-order models with unstructured resid-
ualization uncertainty were used for the controller design. These
controllerswere then evaluated on the full-order system.

To account for the residualizationerrors, an additiveunstructured
uncertainty was de� ned as

1a. j!/ D G. j!/ ¡ Gr . j!/ (20)

where G. j!/ and Gr . j!/ are the transfer matrices of the full-
and reduced-order models, respectively. The unstructured uncer-
tainty 1a. j!/ has four inputs (the actuator commands) and one
output (the measured roll-rate signal). Frequency-response mag-
nitudes for all channels were approximated by second-order ra-
tional transfer functions Wunsi .s/; i D 1; : : : ; 4. The residualiza-
tion error was constructed based on these transfer functions
Wuns D [Wuns1 Wuns2 Wuns3 Wuns4 ]. Minimal realization of this
1 £ 4 transfer matrix led to a third-order unstructured uncertainty
model. As an example, exact and approximatedunstructureduncer-
taintyplots for the � rst channel,fromoutboardtrailing-edgeactuator
to the roll-rate sensor, are shown in Fig. 8. This approximation was
found to be suf� cient to capture the residualizationeffects, although
a more conservative overboundingapproximation could have been
used, too, with a slight compromise in the closed-loopperformance.

A robust controller was designed for the reduced-order system
(RS) with the parametric and unstructureduncertaintiesusing the ¹
synthesis technique. The design converged after 5 D-K iterations,
leading to a 157th-ordercontroller.The order of this controllerwas
reduced to 42 using the balanced truncationmethod with a minimal
effect on the structured singular value ¹. The controller designed
using the RS model and then order reducedas detailedearlierwill be
called in the sequel the reduced controller (RC). For comparison, a

Fig. 9 Structured singular value of the closed-loop baseline ASE
system.

Fig. 10 Stability boundary of the closed-loop baseline ASE system.

robust ¹ controllerwas designedfor the full-ordersystem (FS) with
parametric uncertainties only. The design converged after 5 D-K
iterationsto a 168-ordercontroller that was order reduced to 56 with
a negligible effect on the value of ¹. The controller designed using
the full-ordermodel and then order reducedwill be referredto as the
full controller (FC). Even though the resulting controller orders for
the full- and reduced-order designs are similar, the computational
time for the reduceddesign is considerablyshorter becauseof lower
plant order.

Figure 9 presents the structured singular values ¹ of three
controller–system combinations: FS with FC, RS with RC, and FS
with RC. The controller designed using the reduced-order model
with unstructured uncertainty (RC) exhibits very similar perfor-
mance when evaluated with the full- and reduced-order models,
demonstrated by the close dashed line and dashed-dotted line in
Fig. 9. In addition, the reduced-ordercontroller provides higher ro-
bustness than the full-order controller, expressed by the 6% lower
¹ peak value obtained using the former.

The structured singular value plots of Fig. 9 present a violation
of the requirement for ¹peak · 1, indicating that the robust perfor-
mance speci� cationswere not met with eitherof the two controllers.
The low frequencyat which ¹peak is attained suggest that the robust
performance, rather than robust stability, is violated. This is ver-
i� ed by examining the closed-loop stability boundary of Fig. 10
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that was calculated for the closed-loop system with the reduced-
order controller. It shows the uncertainty cube inside the stability
boundary.Thus, this ¹ controller suppresses � utter in the speci� ed
range of uncertainties, however, does not provide the required roll
performance.

Multidisciplinary Design Optimization

A multidisciplinaryoptimization (MDO) procedure was applied
next to meet the required performance speci� cations. The robust
controller was connected to the full ASE model through four addi-
tional controller input design gains, the nominalvalues of which are
one. The resulting closed-loop model was then subject to mixed
structural and control optimization using a modi� ed version of
ASTROS.6 The � utter constrainswere identical to those used to de-
rive the baseline structure. Proper control-related constraints were
de� ned after severaloptimizationand controllerdesignattempts.As
a result, constraints for a total dc gain of the open-loopsystem from
the trailing-edge control surfaces to the sensor (control effective-
ness) were increased by 20% compared to the baseline structure. In
addition, constraintson the minimum singularvalues of the closed-
loop system were set to 90% of the baseline structure, that is, a
10% reduction. The four controller input gains were also used in
the optimization. Clearly, this results only in suboptimal controller
designs due to the � xed values of most of its parameters. However,
it was found that it improves the overall MDO process due to the
added � exibility.

The optimization led to a reduced structural weight of 312.2 lb,
which is smaller than the baselineweight of 321.8 lb and distributed
differently. The modi� ed open-loop structure exhibits reduced ro-
bustness to a structured uncertainty compared to the heavier base-
line structure, as shown in Fig. 11. Here, ¹peak D 1:5625 at fre-
quency !peak D 31:39 rad/s, and the worst-case perturbation is
[±1 ±2 ±3] D [0:64 ¡0:20 0:64], correspondingto 19% increase in
the missile mass, 6% decrease in its pitch moment of inertia, and
0.53-ft backward c.g. shift. As for the baseline, the upper-bound
¹peak calculated using MATLAB (Fig. 6) is 1.8884, considerably
larger than the exact value.

Controller design based on the reduced-order model was per-
formed for the modi� ed structure,while using the same eightmodes
as in the baseline case. A new approximated unstructured uncer-
tainty Wuns was constructed for the new structure. Its shape and
parameters were similar to the baseline case. The design process
converged after 4 D-K iterations, with a structured singular of
¹peak D 1:008. The 45th-order controller was order reduced using
the balanced truncation technique to 33 with a negligible effect on
the value of ¹. For comparison,control design for the full modi� ed

Fig. 11 Stability boundary of the open-loop modi� ed ASE system.

Fig. 12 Structured singular values for the closed-loop modi� ed ASE
system.

Fig. 13 Stability boundary of the closed-loop modi� ed ASE system.

model converged after 6 D-K iterations with ¹peak D 1:004 and a
98th-order controller that was order reduced to 45.

The structuredsingularvalue plots for the full model and reduced
model (with unstructureduncertainty)designs are shown in Fig. 12.
The controllerRC designedusing the reduced-ordermodel and eval-
uated with the FS exhibits good performance, similar to that of a
controller FC designed using the FS. This clearly justi� es the use
of reduced order modeling for ef� cient ASE design and multidis-
ciplinary optimization.The robust stability boundary of the closed-
loop system with the reduced-order controller is shown in Fig. 13
which demonstrates that the robust stability requirements,while ne-
glectingtheperformancespeci� cations,aremet in a larger cube than
for the closed-loop baseline case of Fig. 10. Here ¹peak D 0:6689,
which implies an uncertainty cube with a vertex of a length 2.99.
The worst-case perturbations are de� ned by the corner of the cube
that touches the stability boundary that leads to the equal perturba-
tion values [±1 ±2 ±3] D [¡1:495 ¡1:495 ¡1:495], namely, 45%
decrease in the wing-tip missile mass and in its pitch moment of
inertia and 1.25-ft forward shift of its c.g. These robust stability
bounds clearly exceed the uncertainty speci� cations, however, are
needed to guarantee robust performance.
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Conclusions
A methodology for robust design of MIMO uncertain aeroser-

voelastic systems is integrated with structural and control synthe-
sis methods. The resulting design tools facilitate ef� cient MDO
processes that incorporate modern methods of robust-controlanal-
ysis and synthesis. A methodology for reduced-order modeling
of uncertain or perturbed ASE systems is developed. The use of
structured uncertainties to represent perturbations and variations
in the reduced-order ASE model minimizes the uncertainty over-
bounding, whereas unstructured uncertainties allow the elimina-
tion of the undesirable effects of frequency-dependent model re-
duction errors on the robust controller design. The use of the
robust-control design techniques within a multidisciplinarydesign
scenario is demonstrated in cases of simultaneous aircraft perfor-
mance and � utter suppression requirements. An application of the
classical gain-margin formulation with modern uncertainty mod-
eling facilitates a new procedure for mapping � utter (instability)
boundaries in a three-dimensionaluncertainty space. These bound-
aries can be instrumental in practical design cases. They also pro-
vide the means for a practical and accurate evaluation of the peak
structured singular values in cases of real parameter uncertainties,
where modern ¹-analysis tools might fail. The new procedures ad-
vance the integration of structural dynamics, unsteady aerodynam-
ics, andcontrolsystemsintouni� ed formulationandsoftwaredesign
tools.
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